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I. INTRODUCTION 
Sequential functions and relations have received wide interests in recent 
years. For maximin sequential machines [I], these concepts lead naturally 
to maximin sequential chains. Properties of maximin sequential chains are 
investigated in this paper. It turns out that maximin sequential chains are 
rather well-behaved objects. Moreover, closure properties of maximin 
sequential chains are examined. It is interesting to note that closure properties 
of maximin sequential chains and weak maximin sequential chains are exactly 
the same for all operations under consideration except concatenation closure. 
II. MAXIMIN SEQUENTIAL MACHINES 
Maximin sequential machine was first introduced by Santos and Wee [2] 
and subsequently investigated by the author [l]. To give a precise description 
of the machine, some basic definitions are given below (cf. [l]). 
A pseudo sequential machine M is a system (U, S, V, f, g, h) where 
U is a finite nonempty set (inputs) 
S is a finite nonempty set (states) 
V is a finite nonempty set (outputs) 
f is a function from S x U x S x T into [0, I] where T is a subset of 
the real line. In other words, f (s, u, s’, t) E [0, l] for every s, s’ E S . u E U 
and t E T (state transition function at time t) 
g is a function from S x U x V x T into [0, l] (output function at 
time t) 
h is a function from S x T into [0, I] (initial distribution). 
If T = N, the set of all natural numbers, then M is said to be discrete. 
If f, g and h are independent of T, then M is said to be stationary. 
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Elements of U and V are called input and output alphabets, respectively. 
Finite sequences of input (output) alphabets are called input (output) tapes. 
For convenience sake, we shall also consider the empty tape e with the prop- 
erty xe = e = ex for every tape x. The collection of all input (output) tapes 
will be denoted by U*(V*). Let x be a tape, then Zg(x) will denote the length 
of x. 
A sequential machine M* is a system (U, S, V, f *, g*, h) where U, S, V, 
and h are the same as that given above. f * and g* are, respectively, the same 
as f and g with U* and V* replacing U and V, respectively. 
To each sequential machine M* there is associated in a natural manner a 
pseudo sequential machine M, i.e., f and g are the restriction off * and g* 
to S x U x S x T and S x U x V x T, respectively. 
A pseudo sequential machine is said to be of class 9?(C) iff (if and only if) 
f, g and h satisfy a set C of constraints. 
If the pseudo sequential machine M associated with the sequential machine 
M* is of class U(C), and M* can be obtained from M by a rule of extension R, 
consistent with C, which extends f and g uniquely into f * and g*, respect- 
ively, then M* is said to belong to class %(C, R). 
Maximin sequential machines are sequential machines belonging to class 
+~CM , RIM): 
(i) the constraints in C,: for every s E S, u E U, n E N, there exist s’, 
s” E S, z, E V such that f (s, u, s’, n) = 1, g(s, u, ZJ,, n) = 1 and h(s”, n) = 1. 
(ii) the rule of extension RM.  define p*(s, x, y, s’, n) as follows by induc- 
tion on Zg(x), for every s, s’ E S, x E U* and y E I’*, 
p*(s, x, y, s’, n) = 0 if 4?(x) f MY) 
p*(s, e, e, s’, n) = 
i 
1 if s = s’ 
0 if s # s’ 
P*(s, xu, YV, s’, 4 = ~$MW * s x, y, s”, n), p(s”, u, ‘UP s’, n + &(x)1) ( ,
where 
PCs, u, y, s’, n) = MiniIf (s, u, s’, n), g(s, u, v’, n)] 
f *(s, x> s’, n) = Z;:p*(s, x, y, s’, a) 
g*cs, x> Y, a> = yg p*(s, x, y, s’, 4. 
The constraints for f and g are necessary to assure 
f ys, 24, s’, n) = f (s, u, s’, n) and g*(s, f-4 v> n> = g(s, u, v, n). 
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A larger class of sequential machines is obtained if the constraint on h is 
omitted. This class of sequential machines will be called weak maximin 
sequential machines. 
It should be noted that deterministic sequential machines are special cases 
of maximin sequential machines. Indeed, deterministic sequential machines 
are maximin sequential machines in which (i) for every s E S, u E U and 
n EN, there exist uniquely s’, S” E S, v E V such that 
f(s, u, s’, n> = 1, g(s, u, v, n) = 1 and h(s”, n) = 1; 
and (ii) the functions f, g, and h take only two values, namely, 0 and 1. 
Moreover, a (weak) maximin sequential machine becomes (weak) nondeter- 
ministic if the functions f, g, and h take only two values 0 and 1. 
The functions f, g, and h of (weak) maximin sequential machines may be 
interpreted as grade of membership functions of fuzzy sets [3]. 
We shall also be dealing with maximin automaton which was first intro- 
duced by the author in [4]. Since the formulation of automata and sequential 
machines are similar, the details involved in the definition of maximin auto- 
mata will be omitted (cf. [4]). 
A pseudo automaton A is a system (U, S, f, F, h) where U, S, f and h are 
the same as that of pseudo sequential machine and F _C S. 
An automaton A* is a system (U, S, f *, F, h) where everything are the 
same as defined above. 
A pseudo automaton is of class Z(C) iff f and h satisfy a set C of constraints. 
If the pseudo automaton A associated with the automaton A* is of class 
V(C), and A* can be obtained from A by a rule of extension R, consistent 
with C, which extends f uniquely into f *, then A* is said to belong to class 
q(C, R). 
Maximin automata are automata belonging to V?(C, , II,): 
(i) C, is an empty set, i.e., there are no constraints. 
(ii) rule of extension RA : f * is defined by induction on Zg(x), x E lJ*, 
f*(S, e, s', n) = I 1 if s = s’ 0 if s # s‘ 
f*(S, xu, s', 4 = $$$Min[f*(s, x, s", n),f(s", u, s', n + &+)I}. 
The same remark concerning deterministic and nondeterministic applies 
here. Moreover, the functions f and h may also be interpreted as grade of 
membership functions of fuzzy sets. 
In what follows, we shall confine all our discussions to the stationary case. 
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III. MAXIMIN SEQUENTIAL CHAINS 
Given a (weak) maximin sequential machine M* = (U, S, V, f *, g*, h), 
the response functions are defined to be 
rf(M*, X, s) = y:ax{Min[h(s’),f*(s’, X, s)]} 
vdM*, 3, Y> = ~~$MW(s’h g*(s’, x, rll> 
for every x E lJ*, y E V* and s E S. For each 0 < h < 1, define 
R,(M*) = {(x, Y) : yg(M*, x, Y) > A>. 
The mapping which maps X into R,(M*) for every 0 < X < 1 is denoted by 
AM*)* 
If M* is deterministic or (weak) nondeterministic, then R,(M*) = R,(M*) 
for all 0 < h < 1. In these cases, we shall simply write R(M*) for R,(M*). 
Let R be a subset of U* x V*. R is a deterministic (nondeterministic, 
weak nondeterministic) sequential relation over U x V iff R = R(M*) for 
some deterministic (nondeterministic, weak nondeterministic) sequential 
machine M* = (U, S, V, f *, g*, h). 
Let .R be a subset of U* x V*, then 
(i) R is length preserving iff (x, y) E R implies k(x) = Zg(y). 
(ii) R is prefix closed iff ( x1x2, yry.J E R such that Zg(x,) = Zg(y,) implies 
(XI , YI) E R. 
(iii) R is extendible iff for each (x, y) E R and u E U. There exists v E I’ 
such that (XU, yv) E R. 
(iv) R is functionally extendible iff for each (x, y) E R and IL E U, there 
exists uniquely v E V such that (AZ, ye) E R. 
(v) R is functional iff (x, yr) E R and (x, yJ E R implies yr = ya. 
(vi) dom (R) = {x : (x, y) E R for some y}. 
The following propositions follow immediately from the above definitions. 
PROPOSITION 1. Let R be a weak nondeterministic sequential relation over 
U x V, then the following statements are equivalent: 
(i) R is a nondeterministic sequential relation over U x V 
(ii) R # 4 (empty set) 
(iii) dom (R) = U*. 
PROPOSITION 2. Let R be a (weak) nondeterministic sequential relation 
over 1J x V, then 
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(i) R is length preserving 
(ii) R is prefix closed 
(iii) R is extendible 
(iv) dom (R) = 4 or U* 
(v) If V C v, then R is a (weak) nondeterministic sequential relation 
over U X 8. 
PROPOSITION 3. Let R be a nondeterministic sequential relation, then the 
following statements are equivalent: 
(i) R is a deterministic sequential relation 
(ii) R is functional 
(iii) R is functionally extendible. 
Given a maximim automaton A* = (U, S, f *, F, h), the response function 
is defined to be 
rf(A*, x, s) = ylx{Min[h(s’), f *(s’, x, s)]} 
for every x E U* and s E S. For each 0 < /\ < 1, define 
R,(A*) = {x E U* : l’vT;x rf (A*, x, s) > X}. 
The mapping which maps h into R,(A*) for every 0 < X < 1 is denoted by 
AA*). 
Let Q be an arbitrary set. A chain over Q is a mapping from [0, 1) into the 
collection of all subsets of Q. A chain y over U* x V* is a (weak) maximin 
sequential chain over U x V iff y = y(lM*) for some (weak) maximin 
sequential machine M* = (U, S, V, f *, g*, h). A chain y’over U* is a 
maximin chain over U iff y = y(A*) for some maximin automata 
A* = (U, S,f*,F, h). 
Let y be a chain over U* x V*, then 
(i) y is nonincreasing iff y(h,) 2 y(h,) whenever h, < ha . 
(ii) y degenerates iff the set {y(h) : 0 < h < l} is finite. 
(iii) y is length preserving (prefix closed, extendible, functionally extend- 
ible, functional) iff for each 0 < X < 1, y(h) is length preserving (prefix 
closed, extendible, functionally extendible, functional). 
PROPOSITION 4. Let y be a (weak) maximin sequential chain over U x V, 
then for every 0 < h < 1, y(h) is a (weak) nondeterministic sequential relation 
over u x v. 
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PROOF. Let y = y(M*) where M* = (U, S, V,f *, g*, h) is a (weak) 
maximin sequential machine. For each X E [0, l), define 
where 
MT = (U, S, V,.f ,*, g:, hi) 
.h= I:, 
if f>h 
if f<h 
g, = l 
I 0 
;: g>h 
g<x 
h, = :, 
I 
;; 
h>h 
h <A. 
Clearly, M* is (weak) nondeterministic. Moreover, y(A) = R(Mf). 
PROPOSITION 5. Let y be a weak maximin sequential chain over U x V, 
then the following statements are equivalent: 
(i) y is a maximin sequential chain over U x V 
(ii) forever~Ofh<l,y(h)#~ 
(iii) for every 0 < h < 1, dom(y(A)) = U*. 
PROOF. Follows from Proposition 1 and 4. 
PROPOSITION 6. Let y be a (weak) maximin sequential chain over U x V, 
then 
(i) y is non-increasing 
(ii) y degenerates 
(iii) y is length preserving 
(iv) y is prefix closed 
(v) y is extendible 
(vi) for every 0 < h < 1, dom(y(h)) = 4 or U* 
(vii) If V C P, th en y is a (weak) maximin sequential chain over U x v. 
PROOF. Follows from Propositions 2 and 4. 
PROPOSITION 7. If y is a weak maximin sequential chain over U x V, 
then y is maximin chain over U x V. 
PROOF. Let y = y(M*) where M* = (U, S, V,f*, g*, h) is a weak 
maximin sequential machine. Let A* = (U x V, S,f *, S, h) where 
AS, (u, 9, 4 = MW(s, u, 0 gh u, v)l. 
Clearly, A* is a maximim automaton satisfying y = y(A*). 
409/26/I-3 
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IV. CLOSURE PROPERTIES OF MSC AND WMSC 
Let R, R, , R, be subsets of 
(U x v>* = ((b&y) : x E U*, y E v* and /g(x) = k(y)}. 
(i) R is the complement of R with respect to (U x V)* 
(ii) R, + R, is the symmetric difference of R, and Rz 
(iii) If I’ C U, R, o R7, = {(x, z) : (x, y) E R, and (y, z) E R,} (composi- 
tion) 
(iv) If Y = U, Re = ((y, x) : (x, y) E R;1> (converse) 
(4 R& = hx2 , yly2) : (x1 , n) E 4 and (x2 T YJ E Q (product) 
(vi) R* = UE,, Rn where Rs = {(e, e)} and R”+l = RRn (concatenation 
closure). 
(vii) RT = {(xT, yT) : (x, y) E R} where eT = e and (xu)’ = UXT (trans- 
pose). 
Operations of chains over (U x V)* are performed pointwise, e.g., 
3/1 0 us maps h into y,(h) 0 ya(h), etc. 
Maximin sequential chain and weak maximin sequential chain will be 
abbreviated MSC and WMSC, respectively. 
PROPOSITION 8. If 1 V 1 = 1, then a chain y over (U x V)* is a WMSC 
over U x V z$f there exists a X E [0, 1) such that y(h) = (U x V)* 
forO~h<Xandy(h)=$hforX~A<1. 
PROOF. Consider M* = (U, S, V, f *, g*, h) where S = {s), I’ = {v} and 
f (s, u, s) = 1, g(s, u, v) = 1, h(s) = A. Clearly, y(M*) (A) = (U x V)* for 
0 < X < x and y(M*) (A) = # for x < A, . The converse follows from 
Proposition 6 (i) and (iv). 
PROPOSITION 9. If 1 VI = l,thenachainyoerer(Ux V)*isuMSCover 
U X V i# for every h E [0, I), y(h) = (U X V)*. 
PROOF. Follows from Propositions 5 and 8. 
COROLLARY. For / V 1 = 1 both MSC and WMSC over U x V are closed 
under union, intersection, converse, product and transpose, but not complement 
and symmetric differace. MSC are closed under concatenation closure, but not 
WMSC. 
PROPOSITION 10. Let V C U and yl, yz be (W)MSC over U x V. Then 
K o y2 is a (W)MSC over U x V. 
PROOF. Let yi = r(M;E), i = 1,2, where MF = (U, Si , V, f F, g:, hi) 
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are (weak) maximin sequential machines. Define M* = (U, S, V, f*, g*, h) 
where ,S = S, x S, , and for every si , sr E S, , s;l , sz E S, , u E U, v E V, 
f((4 , ~3, u, (s’; ,4)> = Min[f,(si , u, 4),f& , u, 41 
g((4 ,s3, u, 4 = M&Wink&i , u, 4, g&i , w, v)l> 
W , 4) = MW4(4, M;l)l. 
Clearly, M* is a (weak) maximin sequential machine and yr o ya = y(M*). 
PROPOSITION 11. If yl , yz are (W)MSC over U x V, then yl u yz is a 
(W)MSC over U x V. 
PROOF. Let yi = y(M,“), i = 1, 2, where Mt = (U, S, , V, f T, g:, hi) 
are (weak) maximin sequential machines. Without loss of generality, assume 
S,nS,=$. Define M*=(U,S,V,f*,g*,h) where S=S,VS, and 
f (s’, u, s”) = fi(s’, u, s”) if s’, sN E s, 
=fz(s’, u, s”) if s’, sn E s, 
= 0 otherwise 
g(s, u, v,) = g,(s, u, v) if s E s, 
= g,(s, u, v) if s E s, 
4s) = h,(s) if x E s, 
= h,(s) if s E s, . 
Clearly, M* is a (weak) maximin sequential machine and yr u ys = y(M*). 
PROPOSITION 12. If K, yz are (W)MSC over U x V, then ylyz is a 
(W)MSC over U x V. 
PROOF. Let yi = y(MT), i = 1, 2, where Mf = (U, Si , V, f :, gt, hi) 
are (weak) maximin sequential machines. Without loss of generality, assume 
S,ITS,=I#L Define M*=(U,S,V,f*,g*,h) where S=S,US, and 
f (s, u, s’) = f&, u, s’) 
= fds, u, s’) 
= hz(s’) 
= 0 
id*% u, 4 = g,(s, u, v> 
= g,(s, us v> 
h(s) = Min[h,(s), hz] 
= Min[h,(s), A,] 
if s, s’ E s, 
if s, s’ E s, 
if s e s, and s’ E Sa 
otherwise 
if s E s, 
if s E s, 
if s E s, 
if SE%, 
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Ai = My h,(s), i= 1,2. 
z 
Clearly, M* is a (weak) maximin sequential machine. Moreover, 
YlY2 = Yw*)- 
PROPOSITION 13. Let y be a MSC over U x V, then y* is also a MSC 
ovey u x v. 
PROOF. Let y = y(M*) where M* = (U, S, V, f *, g*, h) is a maximin 
sequential machine. Define m* = (U, S, V,p,g*, h) where 
f(s, u, s’) = Max{f(s, u, s’), h(s’)}. 
Clearly, M* is a maximin sequential machine and y* = y(M*). 
PROPOSITION 14. WMSC are not closed under concatenation closure. 
PROOF. The chain y over (U x V)* which maps every X E [0, 1) into 4 
is a WMSC over U x V. Since $* = {(e, e)} # 4, y* is not a WMSC by 
Propositions 1 and 4. 
PROPOSITION 15. Both WMSC and MSC aye not closed under complementa- 
tion and symmetric difference. 
Proof Follows from Proposition 6 (i). 
PROPOSITION 16. If 1 V 1 > 1, both WMSC and MSC over U x V are 
not closed under transpose. 
PROOF. Let &!I* = (U, S, V, f *, g*, h) where S = {sr , s2}, {vr , v2} C V 
and for every u E U, 
f(S, u, s’) = I ~ 
if s # s’ 
if s = s’ 
g(s, u, v) = 1; 
if s = s1, v = Vl or s = s2, v = v2 
otherwise 
Clearly, for every h E [0, l), y(A!Z*) (A) consists of all elements of the form 
(x, y) where x E U* and y is a tape with v, and v2 alternating and starting 
with vI . The transpose of y(M*) is not a WMSC since it is not prefix closed. 
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PROPOSITION 17. Both WMSC and MSC over U x V are not closed 
under intersection if 1 V 1 > 1. 
PROOF. Consider the M* given in Proposition 16 and let yr = y(lM*). 
Let yZ = (U x {oi})*. By Propositions 9 and 6 (vii), ys is a MSC over 
U x V. However yi (7 y2 maps every h E [0, 1) into {(u, q) : u E U} which 
by Proposition 6 (vi) is not a WMSC over U x V. 
PROPOSITION 18. Both WMSC and MSC over V x V are not closed 
under converse if 1 V 1 > 1. 
PROOF. If v E V, then (V x {v>)* is a MSC over V x V. The converse, 
however, is not a WMSC by Proposition 6 (vi) since [ V 1 > 1. 
The :above results are summarized in Table I. 
TABLE I 
CLOSURE PROPERTIES OF MSC AND WMSC OVER U x V 
MSC WMSC 
IVI=l iv\>1 IVI=l IVI >1 
complementation no 
union yes 
intersection yes 
symmetric difference no 
composition (when V L U) yes 
converse (when V = U) yes 
product yes 
concatenation closure yes 
transpose yes 
no 
yes 
no 
no 
5-s 
no 
yes 
yes 
no 
no 
yes 
yes 
no 
yes 
yes 
yes 
no 
yes 
no 
Yes 
no 
no 
yes 
no 
yes 
no 
no 
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